• A theoretical answer to the enhanced heat transfer situation in nanoliquids is provided.
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Introduction
Enclosures are bounded finite spaces filled with liquids or gases. Natural convection in enclosures, also known as internal convection, takes place in rooms and buildings, in furnaces, in cooling towers, in electronic cooling systems, in automotive technology and in solar technology. There has been escalating interest in heat transfer applications due primarily to implications in applications wherein enhanced surfaces are widely used on their heat exchangers. As a result of this there is an aggressive competition in industries to incorporate this technology in heat exchangers.
An innovative modern way of heat transfer enhancement in liquids is to suspend nano-sized particles(1-100nm), in short nanoparticles, in base liquids. Base liquids with nanoparticles are called nanoliquids (Choi [1] ).
In order to study heat transfer in nanoliquids occupying enclosure we have two choices of modelling:
1. Single-phase model and 2. Two -phase model.
In single-phase model the liquid and solid phases flow with the same local velocity. This signifies that the nanoparticles and the liquid particles have similar properties so far as flow is concerned but have different thermal properties. Thus in this model nanoliquid behaves more as a liquid rather than as a solid-liquid mixture. It was for the first time that Khanafer et al. [2] studied natural convection of Cu-water nanofluids in a two-dimensional rectangular enclosure using single-phase model. They reported that increasing the buoyancy parameter and volume fraction causes an increase in the average heat transfer coefficient at any given Grashof number. Since then a good number of papers have appeared on convection in enclosures using Khanafer-Vafai-Lightstone single-phase model ( [2] - [3] ). The experimental findings of Wen and Ding [4] clearly indicate that the single-phase description of nanoliquids may not be satisfactory in
cases where gravity, friction between liquid and solid particles, Brownian forces, thermophoresis, sedimentaton and dispersion are important. The work of Manninen et al. [5] was the first such attempt in this direction using two-phase models in place of the single-phase models. They, however, used the liquid-solid mixture description in modelling the dynamics of nanoliquids. Buongiorno [6] and others ( [7] - [8] ) carried out their work on natural convection in nanoliquids using two important primary slip mechanisms between solid and liquid phases, viz., Brownian diffusion and thermophoresis. Amongst the works using two-phase models ( [7] - [9] ), Garoosi et al. [10] specifically showed that all the slip mechanisms other than Brownian diffusion and thermophoresis are unimportant when one considers nanoparticle diameters that are less than 50nm. Further, the findings of Garoosi and his research group explicitly indicate that thermophoresis is an important factor that cannot be dismissed in modeling of nanoliquids if one were to use Al 2 O 3 and T iO 2 nanoparticles in the carrier liquid. With the help of two-phase equations derived by Buongiorno [6] , many investigators studied Rayleigh-Bénard convection (RBC) in nanoliquids (see Nield and Kuznetsov [11] , Tzou [12] , [13] , Yadav et al. [14] , Shilpi and Bhadauria [15] , Shilpi et al. [16] ). These works on RBC suffer from the fact that thermophysical properties do not enter into the model. In view of the above observation, it is apparent that the handling of Rayleigh-Bénard convection in nanoliquids as reported by earlier investigators has essentially been like a double-diffusive convection problem with Soret effect. This is unacceptable since suspended nanoparticles are known to modify viscosity, thermal conductivity and other thermophysical properties. In the paper we have resorted to the investigation of Rayleigh-Bénard convection in nanoliquids using Buongiorno two-phase model with phenomenological laws and mixture theory modeling the thermophysical properties of nanoliquids. This new model will henceforth be called as "Generalized Boungiorno two-phase model" (see Siddheshwar et al. [17] ). Most of the studies on natural convection of nanoliquids in an enclosure that make use of either single-phase or two-phase model generally address the problem of heating and cooling from the vertical plates with the horizontal plate kept adiabatic ( [2] , [18] , [19] , [20] , [21] , [22] , [23] ). Very sparse literature is available on Rayleigh-Bénard convection in an enclosure that involves heating and cooling of the horizontal boundaries with the vertical boundaries maintained adiabatic( [24] , [3] , [25] , [26] , [27] ). A good account of nanoliquids and their various applications are very nicely enunciated in the books by Bergman et al. [28] and Bianco et al. [29] . The objectives of the present paper dealing with Rayleigh-Bénard convection in shallow, square and slender vertical enclosures are: a) Treating convection in nanoliquids in a way that is different from classical binary liquid convection by incorporating Brownian motion, thermophoresis and thermophysical properties of nanoliquids. Consider two-dimensional Rayleigh-Bénard convection in nanoliquids occupying an enclosure with height h and breadth b as shown in Fig.1 . The enclosure is of infinite extent in the y -direction. The vertical boundaries are assumed to be stress-free, adiabatic and impermeable. The horizontal boundaries are assumed to be stress-free, isothermal and iso-nanoparticle concentration. For mathematical tractability we confine ourselves to two-dimensional rolls so that all physical quantities are independent of y, a horizontal co-ordinate. The governing system of equations in dimensional form for studying two-dimensional Rayleigh-Bénard convection in nanoliquids occupying enclosures are:
The nanoliquid properties are evaluated using either phenomenological laws or mixture theory presented below:
Phenomenological laws :
Mixture theory :
The specific heat and thermal expansion coefficient of nanoliquids are calculated using the following expressions :
In writing Eq. (3) we have neglected the Dufour-type cross-diffusion effect being aware that previous studies ( [12] , [13] , [14] , [15] , [16] , [17] ) clearly point to the validity of this assumption. The effective viscosity and thermal conductivity of nanoliquid are modelled using Brinkman and Hamilton-Crosser models respectively on the reason that the study does not deal with dynamic situations far away from equilibrium (conduction state).
At the basic state the nanoliquid is assumed to be at rest and hence the temperature and nanoparticle concentration vary in the z− direction only and are given by
Equations (1) and (2) on using Eq. (5) now take the form :
Equation (3) on using Eq. (5) now reads as:
Using Eqs. (5) and (8) in Eq. (4), we get
With two diffusing components, viz., temperatue and dilute nanoparticle concentration the possibilities that arise are shown in figure 
The basic state solution for this situation is :
We now superimpose perturbations on the basic state solution as given below:
Substituting the expression (13) in Eqs. (2) to (4), using basic state solutions (11) and (12), eliminating pressure and introducing stream function, ψ, in the form:
we get
Introducing the following non-dimensional variables
Eqs. (15)- (17) can be written in non-dimensional form as:
.
We note at this point that all the parameters have been defined in terms of nanoliquid properties and this is a major departure from earlier works concerning Rayleigh-Bénard convection in nanoliquids. The Eqs. (19)- (21) are solved subject to the boundary conditions :
Before we perform a nonlinear stability analysis we note that stationary convection is the preferred mode at onset with the critical Rayleigh number given by :
In the next section we discuss the local non-linear stability analysis in order to find the amplitude equation of Ginzburg-Landau and thereby estimate the heat transport. The linear theory predicts only the condition for the onset of convection. To study the heat transport in an enclosure we move on to make a local nonlinear stability analysis of the system.
Local nonlinear stability analysis
We assume the form of the stream function, temperature and nanoparticle concentration as follows:
A
and M(τ ) are to be determined. Substituting Eqs. (24)- (26) in Eqs. (19)- (21) and taking the orthogonality condition with the eigenfunctions associated with the considered minimal modes, we get
where
We now use the following regular perturbation expansion in the Eqs. (27)- (31):
where τ * 1 = 2 τ 1 (small time scale). We also assume the thermophoretic effect is weak and arises only as a second-order correction and hence we replace N A nl by 2 N A nl . Let us now take
and
Substituting Eq. (32) in Eqs. (27)- (31) and on comparing the like powers of on both
sides of the resulting equations, we get the following equations at various orders : First order system:
Second order system:
Third order system:
The solution of the first and second order systems subject to appropriate initial conditions is given by :
where A 10 and A 20 are arbitrary functions of τ * 1 and superscript T r indicates transpose. We are not interested in finding the solution of the third order system. However, for the purpose of determining the correction to the scaled Rayleigh number, r 0 , and the amplitude, A 10 , it is sufficient to consider the Fredholm solvability condition of the form: 
We note here that Eq. (43) is identical to Eq. (A14) which is obtained in the appendix without recourse to the Lorenz model. Solving Eq. (43), we get
where A 0 = A 10 (0) = 1.
In the next section we quantify the heat transport in terms of the Nusselt number at the lower boundary for the stationary mode of convection in a nanoliquid.
Estimation of enhanced heat transport in nanoliquids at lower plate
The thermal Nusselt number, N u nl (τ * 1 ), is defined as:
Heat transport by (conduction +convection)
Heat transport by conduction ,
where (11) and (25) in Eq. (46), we get
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With the necessary background for analysing the results prepared in the previous sections, in what follows we discuss the results obtained and draw a few conclusions.
Results and discussion
Rayleigh-Bénard convection in nanoliquids occupying rectangular (A = 0.8), square (A = 1) and slender vertical (A = 1.2) enclosures is studied in the paper using the generalized Buongorno two-phase model with thermophysical properties determined from phenomenological laws or mixture theory. Before we move on to the discussion on the results of the paper we need to mention that the results, their discussion and thereby the conclusion drawn lean heavily on the actual values of thermophysical properties of nanoliquids (see Table 3 calculated using thermophysical properties of baseliquids and nanoparticles documented in tables 1 and 2 respectively). This shift from the classical approach to convection makes the outcome of the paper more valuable in the context of Rayleigh-Bénard convection of real nanoliquids.
On going through table 3, we observe that :
This means that addition of nanoparticles enhances the density, thermal diffusivity and thermal conductivity. In fact the effect of nanoparticle is more pronounced in the case of thermal conductivity compared to that in other properties. These values documented in the tables are used in the calculation of eigenvalues and for studying the heat transport.
In the present problem the principle of exchange of stabilities is valid and hence stationary mode of convection is the preferred one at onset. Linear stability analysis of the problem clearly shows that onset of convection is advanced in base liquids when a dilute concentration of nanoparticles is introduced. This can be explained by noting that for a base liquid (without nanoparticles),
Thus Eq. (23) 
The term N A nl in the equation (21) Table 3 clearly points to this fact). We observe from a plot of Rayleigh number, Ra nl with aspect ratio, A, in figure 3 that slender vertical enclosure facilitates easy onset than that in the case of square and rectangular enclosures. From the figure it is apparent that the results of the paper are not reliable for very small values of A. This figure thus gives us an idea that the current study is valid only for those values of A for which unicellular convection persists. Study of multicellular convection for much small value of A would need a separate analysis.
Coming to the nonlinear stability analysis, the fifth-order Lorenz model is derived using minimal representation of Fourier series and the obtained Lorenz model is analytically intractable. In the theory of differential equation we have a result "An n th order autonomous differential equation can be reduced to an (n − 1) th order differential equation". Using this result and multiscale method, we now reduce the order of Lorenz model. This result is important when we recognize the fact that Lorenz model is, in general, not analytically tractable but Ginzburg-Landau equation is. The analytical solution of the Ginzburg-Landau equation for the amplitude, A 10 , is used in obtaining an analytical expression for the Nusselt number as a quadratic function of the amplitude. Since the lateral walls are adiabatic the heat transport takes place predominantly in the Z direction in a square enclosure as well as in a slender vertical enclosure and is more vigorous than that in the case of a rectangular enclosure. Thus from the figure 4 it is clear that enhancement of heat transport in a rectangular enclosure is less than that in square and slender vertical enclosures.
Tables (4)- (6) give the results of N u nl as a function of χ and r nl . It is clear from
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these tables that N u nl increases with increase in χ. The percentage increase in Nusselt number due to presence of nanoparticles documented in these tables clearly shows that nanoparticles enhance heat transfer. As discussed in the context of Ra nlc , increase in χ means increased surface area of high thermal conductivity material. This gives us the result dRa nl dχ < 0 which in turn means dN u nl dχ > 0. Further, the heat transported by base liquid in the presence of nanoparticles for all the twenty-nanoliquids is greater than that in their absence. It is quite clear from these tables that water-titania transports least heat where as glycerine-Ag transports maximum. This result may be attributed to the thermophoretic coefficient being inversely proportional to the thermal conductivity at low Ra and the single-phase model turning out to be an adequate description of this situation (see Garoosi et al. [10] ). In tables (4)- (6) we also observe that N u nl increases with increase in r nl and this is essentially confirmation of a known result in RayleighBénard convection that N u nl increases with increase in Rayleigh number beyond the critical. This result is true for slender vertical (A > 1), square (A = 1) and shallow (A < 1) enclosures.
The following general results can be extracted from the tables:
The result (52) follows from the following result depicted in figure 3 :
We now move on to another major result, viz. 
which is the Lorenz model of single-phase. Tables (7)- (9) are of single-phase model and correspond to those of tables (4)-(6) of generalized two-phase model. On comparing corresponding tables in these two sets of tables it is clear that single-phase model under predicts heat transfer compared to generalized Boungiorno two-phase model.
A C C E P T E D M
A N U S C R I P T Conclusion 1. Nanoliquids in the study of Rayleigh-Bénard convection need to be treated in a way that is different from classical binary liquid convection. 2. A theoretical answer to the enhanced heat transfer situation in nanoliquids (by combining features of the single-phase and two-phase models) can be provided. 3. The effect of increasing R φ nl and N A nl is to advance the onset of convection whereas the effect of increasing Le nl is to delay the onset. 4. The analytically intractable Lorenz model can be reduced to the tractable GinzburgLandau equation using the multiscale method, thus circumventing the need to do a numerical study of the problem. Derivation of the Ginzburg-Landau equation directly(not via the Lorenz model) in the appendix shows that the two are the same pointing to the equivalence of the Lorenz model and the Ginzburg-Landau model.
We may thus conclude that addition of dilute nanoparticle concentrations to Newtonian liquids leads to enhanced heat transport in slender, square and rectangular enclosures. 6. N u
which implies slender vertical enclosure transports heat greater than square and rectangular enclosures. 7. Khanafer-Vafai-Lightstone [2] single-phase model is a limiting case of generalized Buongiorno [6] two-phase model. The limitations of the former model is very clearly brought out by the works of Garoosi and his team ( [7] , [33] , [34] , [8] ), [35] , [10] , [36] , [37] , [9] ). [31] for thermal conductivity. The range of temperatures arising in the convective regime are slightly above the value corresponding to the critical temperature at onset and at best can result in marginal changes in the above two thermophysical quantities. The other thermophysical quantities are based on the mixture theory. Thermodynamically correct results have been obtained using the above models for µ and k. Work is under progress to use the dynamic model of Corcione [27] in place of the static models of Brinkman [30] and Hamilton-Crosser [31] .
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A N U S C R I P T A C C E P T E D M A N U S C R I P T A C C E P T E D M A N U S C R I P T A C C E P T E D M A N U S C R I P T A C C E P T E D M A N U S C R I P T Table 7 : Variation of N u nl with χ and r nl for τ * 1 = 1 and A 0 = 1 for slender vertical enclosure (A > 1) using single-phase model(r φ nl = 0).
Nanoliquid
N u nl χ = 0.03 A C C E P T E D M A N U S C R I P T A C C E P T E D M A N U S C R I P T Table 9 : Variation of N u nl with χ and r nl for τ * 1 = 1 and A 0 = 1 for shallow enclosure (A < 1) using single-phase model(r φ nl = 0).
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where A = A (0) = 1.
